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Department of Theoretical Physics II, University of Łódź, Pomorska 149/153, 90-236 Łódź,
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Abstract
It is shown that the symmetry algebra of quantum maximally superintegrable
systems can always be chosen to be u(N),N being the number of degrees of
freedom.

PACS numbers: 02.30.lk, 03.65.Fd

A classical dynamical system of N degrees of freedom is called maximally superintegrable if it
admits 2N − 1 independent, globally defined integrals of motion. They form the complete set
of integrals and any other integral of motion can be expressed in terms of them. In particular,
the Poisson bracket of two basic integrals, being again a constant of motion, is their function (in
general, nonlinear). We conclude that the integrals of motion for maximally superintegrable
systems form a finite W -algebra [1, 2].

An interesting question arises; whether this algebra can be linearized to Lie algebra by a
judicious choice of basic integrals. The answer to this question, for a large class of confining
systems, admitting action-angle variables is positive [3] (see [4] for older papers on the subject,
both in classical and quantum theory). Moreover, assuming that all action variables do appear
in the Hamiltonian, the Lie algebra obtained is universally u(N). The price one has to pay
for this result is that the resulting integrals are usually quite complicated functions of basic
dynamical variables.

The aim of the present paper is to extend this result to the quantum case. The first problem
which arises when passing to the quantum case is the very definition of quantum maximally
superintegrable systems. We shall use the following one which seems to cover most interesting
cases. Assume we have a set of commuting selfadjoint operators Î k, k = 1, . . . , N (quantum
actions), such that:

(i) the spectrum of each Î k consists of the eigenvalues of the form nk + σk , where nk ∈ N

is any natural number and σk ∈ R is fixed;
(ii) the common eigenvectors of all Î k, |n〉, n ≡ (n1, . . . , nN), span the whole space of states;
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(iii) the Hamiltonian can be written as

Ĥ = H

(
N∑

k=1

mkÎ k

)
(1)

with mk ∈ N, k = 1, . . . , N ; we shall assume that all mk �= 0. Let us note that we can also
assume that m1, . . . , mN have no common divisor except unity.

We believe that the above definition is flexible enough to cover known cases. Sometimes
it may appear necessary to take an orthogonal sum of the few Hilbert spaces described above to
cover the whole space of states. This can be easily understood by considering systems having
classical counterparts. Then the classical limits of our Î k operators are expected to give
action variables. On the other hand, classical actions are assumed to be nonnegative (which,
in turn, agrees with our assumption concerning the spectra of Î ’s). It happens sometimes
that, due to the positivity condition, the action variables are given by the absolute values of
relevant integrals of motion. The simplest example seems to be the planar Kepler problem
where Iφ = |L|, L being the angular momentum. On the quantum level this can be dealt with
by considering separately the Hilbert subspaces corresponding to positive versus negative
eigenvalues of angular momentum.

The vectors |n〉 are eigenvectors of Ĥ :

Ĥ |n〉 = En|n〉 En = H

(
N∑

k=1

mknk +
N∑

k=1

mkσk

)
. (2)

We see that the energy spectrum is degenerate: all eigenvectors |n〉 with
∑N

k=1 mknk fixed
give the same energy. To classify the degeneracy according to the representations of some
symmetry algebra we make the following trick [5]. Let m be the least common multiple of all
mk, k = 1, . . . , N , and let lk = m

mk
. Moreover, let us put

nk = qklk + rk, 0 � rk � lk − 1, k = 1, . . . , N. (3)

Then expression (2) for energy eigenvalues takes the form

En = H

(
m

N∑
k=1

qk +
N∑

k=1

mk(rk + σk)

)
. (4)

Let r ≡ (r1, . . . , rN) be fixed; define Xr to be the subspace spanned by all vectors |n〉 such
that nk = qklk + rk; within Xr one can make an identification: |n〉 ≡ |q〉, q ≡ (q1, . . . , qN).
The whole space of states is then the orthogonal sum of l1 · l2 · · · lN subspaces Xr ,

X = ⊕
r
Xr . (5)

When restricted to Xr , the energy spectrum of Ĥ takes a particularly simple form described
by equation (4). The relevant symmetry algebra can be constructed as follows. First, we define
the creation and annihilation operators a+

i , ai, i = 1, . . . , N , as follows:

a+
i |(n1, . . . , ni, . . . , nN)〉 =

√
ni + 1|(n1, . . . , ni + 1, . . . , nN)〉

ai |(n1, . . . , ni, . . . , nN)〉 = √
ni |(n1, . . . , ni − 1, . . . , nN)〉. (6)

On the other hand, in each Xr one can define another set of creation and annihilation
operators:

b+
ri |(q1, . . . , qi, . . . , qN)〉 =

√
qi + 1|(q1, . . . , qi + 1, . . . , qN)〉

bri |(q1, . . . , qi, . . . , qN)〉 = √
qi |(q1, . . . , qi − 1, . . . , qN)〉.

(7)
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Obviously, the operators b+
ri , bri are expressible in terms of basic ones a+

i , ai ; the relevant
formulae read

bri =
(

Ni + li − ri

li

) 1
2

li∏
s=1

(Ni + s)−
1
2 · a

li
i

b+
ri =

(
Ni − ri

li

) 1
2

li∏
s=1

(Ni − s + 1)−
1
2 · (

a+
i

)li
,

(8)

where Ni ≡ a+
i ai are the standard particle-number operators.

Now, the operators bri, b
+
ri can be used in order to build symmetry algebra in each Xr . To

this end let λα, α = 1, . . . , N2, form the basis of u(N) algebra. Then the operators

�̂rα ≡
N∑

i,j=1

b+
ri(λα)ij brj (9)

have the following properties: (a) they are Hermitean, (b) commute with Ĥ in Xr , (c) obey
u(N) commutation rules in Xr .

Having constructed u(N) symmetry algebra in each Xr one can define the symmetry
operators in the whole space of states X. Let Qr be the orthogonal projector on Xr . Then the
operators

�̂α =
∑

r

Qr�̂rαQr ≡
∑

r

�̂rαQr (10)

span the u(N) symmetry algebra in the total space of states X.
It remains to construct the projectors Qr . It is easy to check that the following operators

do the job:

Qr ≡
N∏

i=1

Pi Pi = 1

li

li−1∑
s=0

exp

(
2iπs

li
(Ni − ri)

)
. (11)

The creation and annihilation operators used above were constructed in a quite general
abstract way. However, an interesting question is whether they can be expressed in terms
of basic dynamical variables. In most cases, the answer to this question is positive although
the resulting expressions are, in general, very complicated. Indeed, in almost all interesting
cases (such as, for example, interacting particles, with or without spin, described by the
natural Hamiltonian) the space of states carries an irreducible representation of the algebra of
observables. The only possible exceptions we can see are the existence of superselection rules
or the coexistence of discrete and continuum spectrum of the Hamiltonian. In the latter case,
we must restrict ourselves to the discrete part of spectrum. The basic dynamical variables do
have, in general, nonvanishing matrix elements between eigenstates corresponding to discrete
and continuous spectra. This can be cured, for example, by inserting the projector on discrete
subspace but it makes the whole procedure even more complicated.

As we have mentioned above, we are convinced that our assumptions (i)–(iii) are flexible
enough to cover known cases of maximally superintegrable systems. Below we give a number
of examples.

We start with the most obvious one—the harmonic oscillator with rational frequency
ratios. The relevant Hamiltonian reads

H =
N∑

k=1

(
p2

k

2mk

+
m2

kl
2
kω

2

2
x2

k

)
≡

N∑
k=1

Hk. (12)
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Defining

Î k = 1

h̄ωlk
Hk, (13)

we easily see that (i)–(iii) hold with all σk = 1
2 .

We can generalize this by adding the inverse square term [6]

H =
N∑

k=1

(
p2

k

2mk

+
m2

kl
2
kω

2

2
x2

k +
α2

k

x2
k

)
≡

N∑
k=1

Hk; (14)

then

Î k = 1

2h̄ωlk
Hk (15)

and σk = 3
4 for all k do the job.

Let us note in passing that it is sometimes claimed [6, 7] that, for some range of parameters,

the spectrum of the Winternitz model is not equidistant; in contrast, if
∣∣mkα

2
k

h̄2

∣∣ < 1
8 , the energy

levels are organized in pairs which, in turn, are populated equidistantly. This is, however,
not the case. The point is that it is not sufficient for the function to be square integrable and
obey the relevant differential equation in order to become an eigenvector of the Hamiltonian.
In contrast, the process of defining the selfadjoint operator from formal differential one is
very subtle [8]. In the case of the Winternitz model, one easily checks that something goes
wrong with the claimed energy spectrum by calculating the scalar product of eigenvectors
corresponding to the energies of one pair of adjacent levels which is nonvanishing.

The next example is the two-dimensional Kepler problem:

H = �p2

2µ
− α

r
. (16)

The spectrum is discrete for negative energies and reads

En = −µα2

2h̄2(n + |m| + 1)2
, (17)

m being the value of angular momentum. Therefore, we restrict ourselves to the subspace
spanned by negative-energy eigenvectors of (16). Moreover, due to the appearance of |m| in
equation (17), we split this subspace further according to whether m is nonnegative or negative.

The dynamical symmetry behind is obtained by defining the Runge–Lenz vector [9]

Ai = 1

2µ
εik(pkL + Lpk) − α

r
xi. (18)

One finds the following algebra:

[L,Ai] = ih̄εikAk [Ai,Aj ] = −2ih̄

µ
εijHL. (19)

This is a quadratic algebra. However, in the subspace of constant negative energy it becomes
SO(3) algebra.

In order to see that (i)–(iii) are fulfilled, consider the subspace corresponding to m � 0
(the case m < 0 can be treated along the same lines). Define

Î 1 = 1

h̄
L Î 2 = 1

h̄

(√
−µα2

2H
− L

)
. (20)
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These operators are well defined, selfadjoint and commuting; their spectra obey (i) with
σ1 = 0, σ2 = 1

2 . Moreover,

H = −µα2

2h̄2(Î 1 + Î 2)2
(21)

so that m1 = m2 = 1 in equation (1).
The three-dimensional Kepler problem can be dealt with in the same way. The orbital

angular momentum �L together with the Runge–Lenz vector [9]

�A = 1

2µ
( �p × �L − �L × �P) − α

r
�r (22)

forms the quadratic algebra:

[Li, Lj ] = ih̄εijkLk

[Li,Aj ] = ih̄εijkAk

[Ai,Aj ] = −2ih̄

µ
εijkLkH.

(23)

Again, let us consider the negative energy subspace. Define

Î 1 =
√

�L2

h̄2 +
1

4
+

L3

h̄

Î 2 =
√

�L2

h̄2 +
1

4
− L3

h̄

Î 3 = 1

h̄

√
−µα2

2H
− 1

2
(Î 1 + Î 2).

(24)

Then (i)–(iii) are obeyed with σ1 = σ2 = σ3 = 1
2 and

H = − 2µα2

h̄2(Î 1 + Î 2 + 2Î 3)2
. (25)

Both harmonic oscillator and Kepler problem admit generalization consisting in replacing
the Euclidean configuration space by the sphere [10] which preserves superintegrability. It is
easy to check using the results of [10] that the relevant operators Î k can be constructed in a
similar way as in the ‘plane’ case. We will not dwell on general case discussed in [10] (see,
however, the remark below) but rather consider the simplest example of Kepler problem on
two-dimensional sphere. Let λ be the curvature of this sphere. Following [10] we use the
so-called gnomonic projection which is the projection onto the tangent plane from the centre
of the sphere in the embedding space; the corresponding coordinates are denoted by x1, x2.
Let p1, p2 be the canonical momenta. The Hamiltonian of our system reads

H = 1

2µ
(�π2 + λL2) − α

r
, (26)

where

�π = �p + 1
2λ( �x( �x �p) + ( �p �x) �x), (27)

while L is the angular momentum:

L = εij xipj .
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Again, as in the ‘plane’ case, the relevant Runge–Lenz vector can be constructed as

Ai = 1

2µ
εij (Lπj + πjL) − α

xi

r
. (28)

The second equation in (19) is now replaced by

[Ai,Aj ] = 2ih̄

µ
εijL

(
−2H

µ
+

λ

µ2

(
2L2 +

h̄2

4

))
. (29)

The results of [10] allow us to find almost immediately the relevant Î ’s:

Î 1 = 1

h̄
L

Î 2 = 1

h̄




√√√√h̄2

4
+

1

λ

(
µH − λh̄2

8
+

√(
µH − λh̄2

8

)2

+ λ

(
α2µ2 +

µh̄2H

2

))
− L


 .

(30)

Let us note in passing that our method applies to both models in an arbitrary number of
dimensions. This is because the dynamical symmetries here are SU(n) or SO(n + 1) and one
can use the Gelfand–Tseytlin method to construct the operators Î k .

As another example let us take the rational Calogero model [11]. It is also known to be
maximally superintegrable on the quantum level [12]. The relevant Hamiltonian reads

H = −h̄2

2

N∑
k=1

∂2

∂x2
i

+
∑
i<j

(
ν(ν − h̄)

x2
ij

)
+

ω2

2

N∑
i=1

x2
i , (31)

where xij ≡ xi − xj . The eigenvectors ��n of the Hamiltonian (31) are parametrized
by N-vectors with component being natural numbers, �n = (n1, n2, . . . , nN), nl � 0, l =
1, . . . , N . The relevant energy eigenvalue,

H��n = E�n��n, (32)

reads

E�n = ω

(
h̄

N∑
l=1

lnl +
N

2
h̄ +

N(N − 1)ν

2

)
. (33)

The simplest way to obtain this formula is to use the results due to Nekrasov [13].
Namely, it has been shown in [13] that there exists a quantum mapping transforming the
Calogero system into the one living on N-dimensional torus T N ; the Hamiltonian (31) is then
transformed into the total momentum on T N projected onto the subspace of positive partial
momenta.

Once equation (33) is established, it is easy to check that (i) and (ii) are satisfied. To this
end, it is sufficient to define I’s by

Î k��n = nk��n. (34)

One can consider more exotic systems such as, for example, Krall–Scheffer systems
[14, 15]. Referring for details to [14], we mention only that these are superintegrable systems
which are related to the families of orthogonal polynomials in two variables [16]. They fit into
our scheme if we define the operators Î 1,2 as follows:

Î 1Q
(i)
n (x, y) = iQ(i)

n (x, y) Î 2Q
(i)
n (x, y) = (n − i)Q(i)

n (x, y), (35)

where the notation is taken from [14]. Then

[Î 1, Î 2] = 0 (36)
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and (see [14] for the definition of L playing the role of Hamiltonian)

L = α(Î 1 + Î 2)
2 + (β − α)(Î 1 + Î 2). (37)

We believe that the above examples substantiate our claim that the definition of quantum
superintegrability adopted in the present paper is general enough to cover most of the known
superintegrable systems.
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