IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Symmetry algebras for superintegrable systems

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2006 J. Phys. A: Math. Gen. 39 343
(http://iopscience.iop.org/0305-4470/39/2/005)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.104
The article was downloaded on 03/06/2010 at 04:28

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/39/2
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 39 (2006) 343-349 doi:10.1088/0305-4470/39/2/005

Symmetry algebras for superintegrable systems”

C Gonera, P Kosinski, M Majewski and P Maslanka

Department of Theoretical Physics II, University of £6dz, Pomorska 149/153, 90-236 L6dZ,
Poland

Received 28 April 2005, in final form 28 October 2005
Published 14 December 2005
Online at stacks.iop.org/JPhysA/39/343

Abstract
It is shown that the symmetry algebra of quantum maximally superintegrable
systems can always be chosen to be u(N), N being the number of degrees of
freedom.

PACS numbers: 02.30.1k, 03.65.Fd

A classical dynamical system of N degrees of freedom is called maximally superintegrable if it
admits 2N — 1 independent, globally defined integrals of motion. They form the complete set
of integrals and any other integral of motion can be expressed in terms of them. In particular,
the Poisson bracket of two basic integrals, being again a constant of motion, is their function (in
general, nonlinear). We conclude that the integrals of motion for maximally superintegrable
systems form a finite W-algebra [1, 2].

An interesting question arises; whether this algebra can be linearized to Lie algebra by a
judicious choice of basic integrals. The answer to this question, for a large class of confining
systems, admitting action-angle variables is positive [3] (see [4] for older papers on the subject,
both in classical and quantum theory). Moreover, assuming that a// action variables do appear
in the Hamiltonian, the Lie algebra obtained is universally #(N). The price one has to pay
for this result is that the resulting integrals are usually quite complicated functions of basic
dynamical variables.

The aim of the present paper is to extend this result to the quantum case. The first problem
which arises when passing to the quantum case is the very definition of quantum maximally
superintegrable systems. We shall use the following one which seems to cover most interesting
cases. Assume we have a set of commuting selfadjoint operators I »k=1,..., N (Quantum
actions), such that:

(i) the spectrum of each i r consists of the eigenvalues of the form n; + oy, where ny € N
is any natural number and o} € R is fixed;
(i) the common eigenvectors of all I, |n),n = (ny, ..., ny), span the whole space of states;
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(ii1) the Hamiltonian can be written as

N
A=H (kaik> (1)

k=1
withm; € N,k = 1,..., N; we shall assume that all m; # 0. Let us note that we can also
assume that my, ..., my have no common divisor except unity.

We believe that the above definition is flexible enough to cover known cases. Sometimes
it may appear necessary to take an orthogonal sum of the few Hilbert spaces described above to
cover the whole space of states. This can be easily understood by considering systems having
classical counterparts. Then the classical limits of our [ operators are expected to give
action variables. On the other hand, classical actions are assumed to be nonnegative (which,
in turn, agrees with our assumption concerning the spectra of I’s). It happens sometimes
that, due to the positivity condition, the action variables are given by the absolute values of
relevant integrals of motion. The simplest example seems to be the planar Kepler problem
where I, = |L|, L being the angular momentum. On the quantum level this can be dealt with
by considering separately the Hilbert subspaces corresponding to positive versus negative
eigenvalues of angular momentum.

The vectors |n) are eigenvectors of H:

N N
H\n) = E,|n) E,=H <Z myng + ka0k> ) )
k=1 k=1

We see that the energy spectrum is degenerate: all eigenvectors |n) with Z,ivzl myny, fixed
give the same energy. To classify the degeneracy according to the representations of some
symmetry algebra we make the following trick [5]. Let m be the least common multiple of all
m,k=1,...,N,and let]; = mﬂk Moreover, let us put

nkzqklk+rk, 0L r<Lk—-1, k=1,...,N. 3)

Then expression (2) for energy eigenvalues takes the form

N N
En=H<quk+ka(rk+ak)). (4)
k=1 k=1

Letr = (ry, ..., ry) be fixed; define X, to be the subspace spanned by all vectors |n) such
that n, = qili + ry; within X, one can make an identification: |n) = |gq),q = (g1, ...,9nN).
The whole space of states is then the orthogonal sum of /; - I, - - - [y subspaces X,

X = G?X,. 5)

When restricted to X ,, the energy spectrum of H takes a particularly simple form described
by equation (4). The relevant symmetry algebra can be constructed as follows. First, we define
the creation and annihilation operators a;, a;,i =1, ..., N, as follows:

afl(ny,....nj,...,nN)) =+ 1y, ...,n; +1,...,ny))
ai|(n17"'7ni""7nN))= Vni|(n1""7ni_17"'7nN)>'

On the other hand, in each X, one can define another set of creation and annihilation
operators:

(6)

by, . Giv - qn)) = Vai + (g, ... qi + 1, ..., qn))
bril(qiy - s Giv- o qn)) = Vail(g1, . qi — 1, ..., qN)).

(7
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Obviously, the operators b
formulae read

1
N,'+li— i\ : 1 )
b= (M) TIowe s el

=1
o ®)

Ni—ri\’ 1 _1 I

+ v v L . +\4i

b,i_< 7 ) E(N, s+1)72 - (af),

where N; = a; a; are the standard particle-number operators.

Now, the operators b,;, b!; can be used in order to build symmetry algebra in each X,. To
thisend let Ao, @ = 1, ..., N2, form the basis of u(N) algebra. Then the operators

b,; are expressible in terms of basic ones 4], a;; the relevant

N
Ava =D bl 0a)ijhy; ©)
i,j=1

have the following properties: (a) they are Hermitean, (b) commute with H in X,, (c) obey
u(N) commutation rules in X,.

Having constructed u(N) symmetry algebra in each X, one can define the symmetry
operators in the whole space of states X. Let O, be the orthogonal projector on X,. Then the
operators

Aa = Z er\rcz 0= Z[\m 0, (10)

span the u(N) symmetry algebra in the total space of states X.
It remains to construct the projectors Q,. It is easy to check that the following operators
do the job:

N li—1 .
o =[]~ PizllZexp(ZIfs(Ni—r,-)). an
i=1 L s=0 !

The creation and annihilation operators used above were constructed in a quite general
abstract way. However, an interesting question is whether they can be expressed in terms
of basic dynamical variables. In most cases, the answer to this question is positive although
the resulting expressions are, in general, very complicated. Indeed, in almost all interesting
cases (such as, for example, interacting particles, with or without spin, described by the
natural Hamiltonian) the space of states carries an irreducible representation of the algebra of
observables. The only possible exceptions we can see are the existence of superselection rules
or the coexistence of discrete and continuum spectrum of the Hamiltonian. In the latter case,
we must restrict ourselves to the discrete part of spectrum. The basic dynamical variables do
have, in general, nonvanishing matrix elements between eigenstates corresponding to discrete
and continuous spectra. This can be cured, for example, by inserting the projector on discrete
subspace but it makes the whole procedure even more complicated.

As we have mentioned above, we are convinced that our assumptions (i)—(iii) are flexible
enough to cover known cases of maximally superintegrable systems. Below we give a number
of examples.

We start with the most obvious one—the harmonic oscillator with rational frequency
ratios. The relevant Hamiltonian reads

L miBe? L\ o
H = _—t ——— = H,. 12
;(M 5 xk) ; i (12)
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Defining
Iy = —H,, (13)

we easily see that (i)—(iii) hold with all o}, = %

We can generalize this by adding the inverse square term [6]

mlw o? al
H = 4Kk k X2+ L) =) H 14
Z(Mk x,ﬁ) kX:lj i (14)

then
1
H,
2hwl k

and oy = % for all k do the job.
Let us note in passing that it is sometimes claimed [6, 7] that, for some range of parameters,

i =

15)

the spectrum of the Winternitz model is not equidistant; in contrast, if m‘ak | < 3, the energy

levels are organized in pairs which, in turn, are populated equldlstantly Thls is, however,
not the case. The point is that it is not sufficient for the function to be square integrable and
obey the relevant differential equation in order to become an eigenvector of the Hamiltonian.
In contrast, the process of defining the selfadjoint operator from formal differential one is
very subtle [8]. In the case of the Winternitz model, one easily checks that something goes
wrong with the claimed energy spectrum by calculating the scalar product of eigenvectors
corresponding to the energies of one pair of adjacent levels which is nonvanishing.
The next example is the two-dimensional Kepler problem:

)
P (16)
2u r

The spectrum is discrete for negative energies and reads

—ue?

T+ m|+ )2

m being the value of angular momentum. Therefore, we restrict ourselves to the subspace

spanned by negative-energy eigenvectors of (16). Moreover, due to the appearance of |m| in

equation (17), we split this subspace further according to whether m is nonnegative or negative.
The dynamical symmetry behind is obtained by defining the Runge—Lenz vector [9]

7)

1 o
Ai = —ei(prL + Lpy) — —x;. (18)
21 r
One finds the following algebra:
. 2ih
[L, A;] = ihei Ax [A;,Aj] =——¢;;HL. (19)
w

This is a quadratic algebra. However, in the subspace of constant negative energy it becomes
SO(3) algebra.

In order to see that (i)—(iii) are fulfilled, consider the subspace corresponding to m > 0
(the case m < 0 can be treated along the same lines). Define

fi=1p h=1 ,/_““2 L (20)
"Th *Th 2H '
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These operators are well defined, selfadjoint and commuting; their spectra obey (i) with
01 =0,00 = % Moreover,

—po?

H = 2.7 7
2h (I +1 2)2
so that m; = my = 1 in equation (1).
The three-dimensional Kepler problem can be dealt with in the same way. The orbital
angular momentum L together with the Runge—Lenz vector [9]

21

- I . - - = -
A= —(FxL—LxpP =% (22)
21 r
forms the quadratic algebra:
[Li, L;] =ihe;; Ly
[Li, A;] = ihe;ji Ag (23)
2ih
[A;, Aj]l = —78ijkLkH-

Again, let us consider the negative energy subspace. Define

. [2 1 L,

== +-+2
B2 4 h

. 2 1 L

i, = L (24)
n2 4 h

R 1 war 1 .

Iy=--5 -~ + 1.

=3 ¥ 2(1 2)

H=—-———— —. (25)
h (11 +12+213)2

Both harmonic oscillator and Kepler problem admit generalization consisting in replacing
the Euclidean configuration space by the sphere [10] which preserves superintegrability. It is
easy to check using the results of [10] that the relevant operators [ can be constructed in a
similar way as in the ‘plane’ case. We will not dwell on general case discussed in [10] (see,
however, the remark below) but rather consider the simplest example of Kepler problem on
two-dimensional sphere. Let A be the curvature of this sphere. Following [10] we use the
so-called gnomonic projection which is the projection onto the tangent plane from the centre
of the sphere in the embedding space; the corresponding coordinates are denoted by xi, x».
Let pi, p» be the canonical momenta. The Hamiltonian of our system reads

| BN
H=—@*+11) -2, (26)
21 r
where
= p+3rEEP) + (PR)X), @27)
while L is the angular momentum:

L = EijXiPj-
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Again, as in the ‘plane’ case, the relevant Runge—Lenz vector can be constructed as

1 i
A= Zaij(LnjmjL)—a%. (28)
The second equation in (19) is now replaced by
2ih 2H n?
[An Al = e <——+—2(2L2+—)). (29)
u 7 4
The results of [10] allow us to find almost immediately the relevant I’s:
R 1
I =-L
h

3 (30)

f—l h2+1 H Ul2+ H 1 A 22+Mh2H L
N N VR U 8 H 8 )

Let us note in passing that our method applies to both models in an arbitrary number of
dimensions. This is because the dynamical symmetries here are SU (n) or SO(n + 1) and one
can use the Gelfand—Tseytlin method to construct the operators .

As another example let us take the rational Calogero model [11]. It is also known to be
maximally superintegrable on the quantum level [12]. The relevant Hamiltonian reads

2 a2 v(v —h) 0 & 2
H:—?Zﬁﬁ'z x—2 +7 X, (31)
k=1 ! i<j tj i=1
where x;; = x; — x;. The eigenvectors ®; of the Hamiltonian (31) are parametrized
by N-vectors with component being natural numbers, 7 = (ny,n2,...,1ny5), 1 = 0,1 =
1,..., N. The relevant energy eigenvalue,
H®; = E;d;, (32)
reads
N
N N(N —1)v
E; = n Inj+ —h+ —— . 33
or Sy 3+ M) @

The simplest way to obtain this formula is to use the results due to Nekrasov [13].
Namely, it has been shown in [13] that there exists a quantum mapping transforming the
Calogero system into the one living on N-dimensional torus 7"; the Hamiltonian (31) is then
transformed into the total momentum on TV projected onto the subspace of positive partial
momenta.

Once equation (33) is established, it is easy to check that (i) and (ii) are satisfied. To this
end, it is sufficient to define I’s by

[ ®; = ny®;. (34)

One can consider more exotic systems such as, for example, Krall-Scheffer systems
[14, 15]. Referring for details to [14], we mention only that these are superintegrable systems
which are related to the families of orthogonal polynomials in two variables [16]. They fit into
our scheme if we define the operators I 1.2 as follows:

1109 (x,y) =109 (x, y) LoV, y)=m—-1)0V(x,y), 35)
where the notation is taken from [14]. Then
(I, 1,]=0 (36)
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and (see [14] for the definition of L playing the role of Hamiltonian)
L=a(li+1)*+(B -yl +1). (37)

We believe that the above examples substantiate our claim that the definition of quantum
superintegrability adopted in the present paper is general enough to cover most of the known
superintegrable systems.

Acknowledgment

We thank one of the referees for bringing to our attention [7] and [15].

References

[1] de Boer J, Harnisze F and Tjin T 1996 Phys. Rep. 272 139
[2] Bonatsos P, Daskaloyannis C and Kokkotas K 1994 Phys. Rev. A 50 3700
Bonatsos P, Daskaloyannis C, Kolokotronis P and Lenis D 1994 Symmetry algebra of the planar anisotropic
quantum harmonic oscillator with rational ratio of frequencies Preprint hep-th/9402099
Bonatsos P, Daskaloyannis C, Kolokotronis P and Lenis D 1994 The symmetry algebra of the N-dimensional
anisotropic quantum harmonic oscillator with rational ratios of frequencies and the Nilsson model
Preprint hep-th/9411218
[3] Gonera C and Majewski M 2001 Acta Phys. Pol. B 32 1167
[4] Jauch J M and Hill E L 1940 Phys. Rev. 57 641
Mukunda N 1967 Phys. Rev. 155 1383
Fradkin D M 1967 Prog. Theor. Phys. 37 798
Cisneros A and McIntosh H V 1970 J. Math. Phys. 11 870
Moshinsky M and Quesne C 1971 J. Math. Phys. 12 1772
Moshinsky M, Seligman T H and Wolf K B 1972 J. Math. Phys. 13 901
Louck J D, Moshinsky M and Wolf K B 1973 J. Math. Phys. 14 692, 696
Moshinsky M, Patera J and Winternitz P 1975 J. Math. Phys. 16 82
[5] Louck J D and Moshinsky M 1973 J. Math. Phys. 14 692
[6] Winternitz P, Smorodinsky Ya, Uhlir M and Fris J 1967 Sov. J. Nucl. Phys. 4 444
[7] Gravel S 2003 Superintegrability, isochronicity and quantum harmonic behavior Preprint math-ph/0310004
[8] Reed M and Simon B 1975 Methods of Modern Mathematical Physics 11 (New York: Academic)
[9] Shiff L 1968 Quantum Mechanics (New York: McGraw-Hill)
[10] Higgs P W 1979 J. Phys. A: Math. Gen. 12 309
Leemon HJ 1979 J. Phys. A: Math. Gen. 12 489
[11] Calogero F 1971 J. Math. Phys. 12 419
[12] Kuznetsov V 1996 Phys. Lett. A 218 212
Gonera C 1998 Phys. Lett. A 237 365
[13] Nekrasov N 1997 On a duality in Calogero-Moser-Sutherland Systems Preprint hep-th/9707111
Ruijsenaars S N M 1987 Commun. Math. Phys. 110 191
Ruijsenaars S N M 1988 Commun. Math. Phys. 115 127
[14] Harnad J, Vinet L, Yermolayeva O and Zhedanov A 2001 J. Phys. A: Math. Gen. 34 10619
[15] Harnad J and Yermolayeva O 2002 Proc. of the Workshop in Superintegrability in Classical and Quantum
Systems (CRM, Universite de Montreal)
[16] Krall H and Sheffer ] M 1967 Ann. Math. Pure Appl. 76 325


http://dx.doi.org/10.1016/0370-1573(95)00075-5
http://dx.doi.org/10.1103/PhysRevA.50.3700
http://dx.doi.org/10.1103/PhysRev.57.641
http://dx.doi.org/10.1103/PhysRev.155.1383
http://dx.doi.org/10.1063/1.1665226
http://dx.doi.org/10.1063/1.1665805
http://dx.doi.org/10.1063/1.1666074
http://dx.doi.org/10.1063/1.1666379
http://dx.doi.org/10.1063/1.522388
http://dx.doi.org/10.1063/1.1666379
http://dx.doi.org/10.1088/0305-4470/12/3/006
http://dx.doi.org/10.1088/0305-4470/12/4/009
http://dx.doi.org/10.1063/1.1665604
http://dx.doi.org/10.1016/0375-9601(96)00421-5
http://dx.doi.org/10.1016/S0375-9601(98)00903-7
http://dx.doi.org/10.1007/BF01207363
http://dx.doi.org/10.1007/BF01238855
http://dx.doi.org/10.1088/0305-4470/34/48/325

	
	Acknowledgment
	References

